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Abstract
The effects of the tidal charge of black holes predicted in the Randall-Sundrum brane-world scenario on the electro-
magnetic cross sections and emission rate is studied. Although quantitatively different, the cross sections and emission
rates of such black holes are similar to the ones of Schwarzschild black holes. The increase of the tidal-charge intensity
makes the absorption cross sections increase and the interference-fringe widths of the differential scattering cross sections
narrow. The electromagnetic emission rate increases initially with the increase of the tidal-charge intensity, but reaches
a maximum. This results from the combination of opposite behaviors of the absorption cross section and the black hole
temperature, as this last decreases with the increase of the tidal-charge intensity. It is shown that the cross sections ob-
tained via the partial-wave method agree well with the high-frequency approximations, and can also been simulated by
their scalar analogues in certain limits.
1 Introduction
The first image of a black hole shadow has recently been obtained by the Event Horizon Telescope [1]. This accomplish-
ment, together with the gravitational-wave detections of black hole binary mergers [2], is a clear evidence of the existence
of black holes and how important such objects are to understand our Universe. These observations have also in common
the fact that they rely on theoretical simulations to interpret physically the produced data. Indeed, long before the detec-
tions, a vast number of theoretical simulations had given a preliminary sample of what astronomers should observe in the
galaxy centers [3–11] and from binary black hole mergers [12–18].
Considering the importance of black holes and the increasing attention such systems have been receiving, studying
every aspect of them is of great importance. Among these aspects, we have to consider black holes described in alternatives
to General Relativity, once such objects can help to constrain the set of models which best describe gravitation. Here we
study the properties of one of these alternative systems: black holes with tidal charge [19], predicted in the context of the
Randall–Sundrum brane-world scenario [20, 21].
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Let us briefly remark the main points about black holes with tidal charge. They are described by the following
geometry1:
ds2 = f (r)dt2 − f (r)−1dr2 − r2(dθ2 + sin2 θdφ2), (1)
with
f (r) = 1 − 2M
r
+
β
r2
, (2)
where M is the black hole mass and β ≡ qM2 < 0 represents a consequence of the fifth dimension on the 3-brane,
populated by Standard–Model fields, and it has been called of “tidal charge”. We remark the fact that metric (1) coincides
with the one for Reissner-Nordström black holes [22] if 0 < q ≤ 1.
Studying black holes presented in Eq. (1) is important because it help us to understand some of the consequences
of the Randall–Sundrum models. Particularly their first model [20], usually referred to as RS1, is very important once it
gives one of the possible solutions to the hierarchy problem. Indeed, searches for microscopic black holes at the LHC have
been carried out considering the RS1 model [23–27], as well as the Arkani-Hamed–Dimopoulos–Dvali model [28, 29].
In Ref. [30] we computed the cross sections of black holes with tidal charge considering the simple model of massless
scalar plane waves. There, we have shown that the tidal charge plays important roles in phenomena which take place near
the black hole, once it alters the sizes of the event horizon and the photon sphere. As consequences, the cross sections
change considerably with the change of q. The absorption cross section of scalar particles becomes bigger and the
differential scattering cross sections present narrower interference fringes for black holes with more intense tidal charges.
Despite this, the overall behavior of the scalar cross sections is similar to other kind of black holes, specially to the ones
of Schwarzschild [31–34] and Reissner-Nordström [35, 36] black holes. Numerical results agree well with all analytical
approximations and it becomes difficult to distinguish between Schwarzschild, Reissner–Nordström and black holes with
tidal charge when considering scattering in the weak-field limit. Other aspects of such black holes, as shadows [37–40],
quasinormal modes [41], and their effect on particle dynamics [42–44] have been considered by different authors.
On the present work we extend the previous analysis made in Ref. [30] by contemplating now the electromagnetic
case. We compute numerically the cross sections of black holes with tidal charge considering circularly polarized elec-
tromagnetic waves. We compare our results with analytical results, as geodesic and glory scattering, in order to test their
consistency. Comparisons of the main results with the ones for Schwarzschild black holes are presented in order to high-
light the effects of the tidal charge. We also compare results for both electromagnetic and scalar cases showing that the
scalar case can mimic the results of the electromagnetic waves in some limits.
This paper is divided as follows: In Sec. 2 we describe the overall behavior of the electromagnetic waves around black
holes with tidal charge; in Sec. 3 we show our results and compare them with the equivalent results for the Schwarzschild
black holes, as well as their high-frequency and scalar equivalents. Although we present cross sections based on the
geodesic and glory analysis, we indicate Ref. [30] to the reader who wishes for a detailed analysis of such approximations.
In Sec. 4 we present our final remarks and conclusions.
1Here we use c = G = ~ = 1.
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2 Electromagnetic-wave scattering
Here we make a succinct description of electromagnetic-wave propagation around black holes with tidal charge, once such
analysis is very similar to the Schwarzschild case, which was done, for example, in Ref. [45]. Following this reference,
the electromagnetic field can be described in the modified Feynman gauge via the Lagrangian density
L = √−g
[
−1
4
FµνFµν − 12H
2
]
, (3)
where g = det(gµν), H ≡ ∇µAµ + KµAµ, with Kµ = (0, f ′(r), 0, 0). In this gauge, the physical modes can be written as:
A(Iωlm)µ = (0,
ϕIωl(r)
r2 Ylm,
f
l(l+1)
d
dr [ϕ
I
ωl(r)]∂θYlm,
f
l(l+1)
d
dr [ϕ
I
ωl(r)]∂φYlm)e
−iωt, (4)
A(IIωlm)µ = (0, 0, ϕ
II
ωl(r)Y
(lm)
θ , ϕ
II
ωl(r)Y
(lm)
φ )e
−iωt, (5)
where Ylm are the scalar spherical harmonics and Y
(lm)
a are the vector spherical harmonics [46]. The radial functions ϕIωl
and ϕIIωl obey the same radial equation in the case of black holes with tidal charge [41, 47], similarly to what happens
around Schwarzschild black holes [45, 48]. Therefore, we can synthesize the description of the radial functions as ϕλ
ωl
(λ = I, II) by writing the following radial equation:
f
d
dr
[
f
d
dr
ϕλωl(r)
]
+
[
ω2 − V(r)
]
ϕλωl(r) = 0, (6)
where the effective potential reads:
V(r) = f
l(l + 1)
r2
. (7)
It can be straightforwardly verified that V(r) → 0 for r → rh, where rh is the event horizon radius, and for r → ∞.
From this we can write the asymptotic behaviors of ϕλ
ωl, which are better expressed in the terms of the tortoise coordinate,
defined as d/dr∗ ≡ f d/dr:
ϕλωl(r∗) ≈
 A
λ,tr
ωl e
−iωr∗ (r∗ → −∞),
Aλ,in
ωl e
−iωr∗ + Aλ,ref
ωl e
iωr∗ (r∗ → +∞).
(8)
The superscript labels “tr”, “in” and “ref” stand for transmitted, incident and reflected parts of the scattered wave, respec-
tively, so that the reflection and transmission coefficients can be respectively defined as:
Rλωl ≡
∣∣∣∣∣∣∣A
λ,ref
ωl
Aλ,in
ωl
∣∣∣∣∣∣∣
2
, (9)
and
T λωl ≡
∣∣∣∣∣∣∣ A
λ,tr
ωl
Aλ,in
ωl
∣∣∣∣∣∣∣
2
. (10)
These coefficients rule the amount of reflected and absorbed parts of the scattered modes and, therefore, are directly
related to the absorption cross section, the evaporation rate and to each other via Rλ
ωl +T λωl = 1. From Eq. (8) we can also
define the phase shifts, which play a key role in the differential scattering cross sections:
e2iδ
λ
l (ω) = (−1)l+1 A
λ,ref
ωl
Aλ,in
ωl
. (11)
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The electromagnetic absorption cross section of spherically symmetric black holes can be expressed generally as [45,
49]:
σabs =
∞∑
l=1
σ(l)abs, (12)
which is composed by the sum of partial absorption cross sections, which are:
σ(l)abs =
pi
2ω2
∑
λ=I,II
(2l + 1)T λωl. (13)
The electromagnetic emission rate in a frequency interval between ω and ω + dω is given by [50]
dE
dt
=
ω3
2pi2
(
eω/T − 1)σabsdω, (14)
where T is the black hole temperature, that in the present case is [41]
T =
√
M2 − q
2pi(M +
√
M2 − q)2
. (15)
The differential scattering cross section of circularly polarized waves can be expressed as [51]:
dσel
dΩ
=
1
8ω2

∣∣∣∣∣∣∣
∞∑
l=1
2l + 1
l(l + 1)
[
e2iδ
I
l (ω)Tl(θ) + e2iδ
II
l (ω)pil(θ)
]∣∣∣∣∣∣∣
2
+
∣∣∣∣∣∣∣
∞∑
l=1
2l + 1
l(l + 1)
[
e2iδ
I
l (ω)pil(θ) + e2iδ
II
l (ω)Tl(θ)
]∣∣∣∣∣∣∣
2
 , (16)
where
pil(θ) ≡
P1l (cos θ)
sin θ
, Tl(θ) ≡ ddθP
1
l (cos θ), (17)
being P1l associated Legendre functions. The differential scattering cross section can be written alternatively as a sum
of a helicity-preserving with a helicity-reversing scattering amplitude [52]. This is interesting when the two kinds of
polarized modes are scattered differently, e.g. when there is an electrostatic field filling the space, as it occurs around
Reissner-Nordström black holes. One of the effects of a helicity-reversing scattering is a nonzero flux of scattered waves
in the backward direction. However, this is not the case here, as well as in the Schwarzschild case [53], once δIl = δ
II
l
because both modes are subjected to the same effective scattering potential.
3 Results
The present section contains a selection of results for the electromagnetic absorption and differential scattering cross
sections as well as for the electromagnetic emission spectra of black holes with tidal charge. Such results are obtained
by evaluating numerically the radial equation (6) from r & rh to r  rh, and then matching the numeric solutions with
the asymptotic ones to obtain the necessary coefficients. We can improve precision by writing an alternative asymptotic
solution in the far region by noticing that V ∼ l(l + 1)/r2 for r  rh, and therefore:
ϕλωl(r∗) ≈ ωr∗
[
(−i)l+1Aλ,in
ωl h
(2)
l (ωr∗) + i
l+1Aλ,ref
ωl h
(1)
l (ωr∗)
]
, (18)
where h(1)l and h
(2)
l are the spherical Hankel functions of the first and second kinds [54], respectively. This improvement
is specially important in the computation of the differential scattering cross sections as it requires a high number of
terms in the sums of Eq. (16) which include phase shifts obtained numerically. Furthermore, since such sums are poorly
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convergent, a convergence method of reduced series similar to the one introduced in Ref. [55] has to be applied. This
generalized method for electromagnetic differential scattering cross section has been applied in Refs. [48, 52].
Figure 1 shows the total electromagnetic absorption cross sections for black holes with q = −2,−1, 0. As we can see,
absorption of black holes with tidal charge is enhanced when compared with the absorption of Schwarzschild black holes
(q = 0). In the same figure, the straight lines represent the corresponding capture cross section computed via geodesic
analysis. It is clear that these results should be recovered in the limit Mω → ∞, once the partial-wave results present
waning oscillations around them as Mω increases. A similar behavior has been observed in the case of the massless scalar
field [30, 41].
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Figure 1: Total electromagnetic absorption cross sections of black holes with tidal charge q = −2,−1 and Schwarzschild
black holes. The straight lines represent the corresponding geometrical-optics limit.
Figure 2 shows the comparison of the electromagnetic and scalar absorption cross sections of black holes with tidal
charges q = −0.5,−1.5. We see that the differences are seen mainly in the low-frequency regime, while for high frequen-
cies the results tend to coincide independently of the black hole charge value. In Ref. [30], scalar absorption cross section
has been shown to excellently agree with the “sinc approximation” [41] for the same values of q used in Fig. 2. Therefore,
the results for the electromagnetic case presented here are consistent with this approximation as well.
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Figure 2: Absorption cross section of black holes with tidal charges q = −1.5,−0.5 for spin 0 and 1 massless particles.
Agreement between the two cases does not depend on the black hole charge and happens already for intermediate values
of frequency, Mω & 1.
In Fig. 3 we show the emission rate of photons from black holes with different tidal charges, including the Schwarzschild
case. The electromagnetic emissions presented in this figure are higher for higher tidal-charge intensities, although the
increase of −q reduces the black hole temperature. We should emphasize, however, that comparing the emission of black
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holes with same mass and more intense tidal charges means comparing black holes with bigger event horizons. The com-
bination of an increasing absorption cross section with a decreasing temperature makes the emission spectra narrows, what
indicates that the total emission should ceases to increase if we consider higher tidal-charge intensities. In fact, we have
found that the electromagnetic emission rate, considering all frequencies, reaches a maximum value around q = −4.6.
In Fig. 4 we show the comparison of the emission rates of black holes with tidal charges considering both spin 0 and 1
massless particles. Electromagnetic emission is much lower than scalar; with an estimated ratio of 28% in the q = −0.5
case and 34% for the q = −1.5 case.
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Figure 3: Electromagnetic emission spectra of black holes with tidal charges q = −2,−1 and Schwarzschild black holes.
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Figure 4: Comparison between the electromagnetic and scalar emission spectra of black holes with tidal charge. As
example, we have chosen the cases q = −0.5 (left) and q = −1.5 (right).
In Fig. 5 we compare the electromagnetic differential scattering cross section for black holes with tidal charges q =
0,−1,−2 considering Mω = 1.0. There we see that the tidal charge has visible consequences in the widths of the
interference fringes but low influence on the scattered flux intensity. This makes the differential scattering cross sections
distinct from each other in the near-backward direction, but indistinguishable as we consider the near-forward scattering.
Similar results have been observed considering other values of Mω and in the scalar scattering from black holes with tidal
charge [30], Reissner-Nordström [36], and Bardeen black holes [56].
In the backward direction, where the main difference of the differential scattering cross section of black holes with
different tidal charges is observed, the scattering cross section is well described by the glory approximation [57, 58],
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Figure 5: Electromagnetic differential scattering cross section for black holes with tidal charges q = −1,−2 and
Schwarzschild black holes. Here we compare the cases of Mω = 1.
which for spherically symmetric black holes can be expressed as:
dσ(gl)el
dΩ
= 2piωb2g
∣∣∣∣∣dbdθ
∣∣∣∣∣
θ=pi
J22s(bg ω sin θ), (19)
where Jn is a Bessel function of the first kind [59], s is the particle’s spin, and bg is the impact parameter of rays scattered
at θ = 180◦.
In order to complete the scattering description via the glory approximation, we need to determine the parameters bg
and |db/dθ|θ=pi. This demands a geodesic analysis, which has been made in detail in Ref. [30]. There, we showed that the
increase of the tidal-charge intensity, i.e. −q, results in a increase of bg (see Fig. 1 of Ref. [30]). Therefore, we expect the
interference-fringe widths of the differential scattering cross sections to decrease with the increase of −q. Furthermore,
the product b2g|db/dθ|θ=pi, which is related to the glory intensity, also increases with the increase of −q.
We compare the numeric results for the differential scattering cross sections with the glory approximation and geodesic
cross section in Fig. 6. Although both geodesic and glory results are high-frequency approximations and the chosen
frequency value is not very high, these approximations agree well with the partial-wave results in their regime of validity.
The glory approximation is meant to describe the interference fringes near the backward direction, so it works nicely for
θ & 160◦. In the other hand, geodesic scattering cross section considers the deflection of scattered particles by the black
hole not concerning about their interference with each other. Therefore, it works as an average value of the partial-wave
result, as expected.
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Figure 6: Comparison of the numeric results for the scattering cross sections with the glory approximation and geodesic
differential scattering cross section. We consider black holes with tidal charges q = −0.5 (left) and q = −1.5 (right).
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In Fig. 7 we compare the electromagnetic and scalar differential scattering cross sections of black holes with tidal
charges q = −2.0,−1.0 and Mω = 2.0. The scattering cross sections tend to fit each other for middle values of the
scattering angle, θ . 60◦. The results become very different, however, in the near-backward direction. In this direction,
there is maximum flux of scattered scalar waves in opposite to zero-flux in the electromagnetic case, as it has been
anticipated by the glory approximation. Such behavior has been observed in the case of Schwarzschild black holes
in Ref. [60, 48], where it has also been shown that the interference fringes of the differential scattering cross sections of
massless bosonic fields tend to be in phase as the scattering angle decreases, while the interference fringes in the fermionic
case tend to be in opposite phase to the ones of bosonic fields.
 0.1
 1
 10
 100
 1000
 10000
 20  40  60  80  100  120  140  160  180
M
–
2  
dσ
e
l /d
Ω
θ (deg)
q = – 1.0, Mω = 2.0
electromagnetic
scalar
 0.1
 1
 10
 100
 1000
 10000
 20  40  60  80  100  120  140  160  180
M
–
2  
dσ
e
l /d
Ω
θ (deg)
q = – 2.0, Mω = 2.0
electromagnetic
scalar
Figure 7: Comparison of the electromagnetic and scalar differential scattering cross sections considering black holes with
tidal charges q = −1.0 (left) and q = −2.0 (right). The main difference occurs near the backward direction, where the flux
of scattered waves is characterized by a interference maximum in the scalar case and complete destructive interference in
the electromagnetic case.
4 Final Remarks
We have computed numerically the electromagnetic absorption and scattering cross sections as well as the emission rate of
black holes with tidal charge. The tidal charge plays important roles in the aspects of the cross sections which are related
to the photon sphere and event horizon sizes. Therefore, as black holes with more intense tidal charges present bigger
photon spheres, they absorb more and their scattering cross sections present narrower interference fringes. Such behaviors
were successfully anticipated by the high-frequency approximations, computed via geodesic analysis and glory scattering
formula which were extensively described in Ref. [30] and confirmed by the partial-wave results via comparisons made
in Fig. 1, for the absorption cross section, and in Fig. 6, for the differential scattering cross section.
Black holes with tidal charges up to −q = 4.6 emit more photons than black holes with less intense tidal charges
(Fig. 3), despite the fact that the black hole temperature decreases with the increase of −q. This happens because black
holes with more intense tidal charges are bigger, then presenting bigger absorption cross sections. Starting from −q = 4.6,
the increase of the tidal-charge intensity results in lower total electromagnetic emission rates.
Our analysis also show that it would be hard to distinguish between black holes with tidal charge and Schwarzschild
black holes via the electromagnetic scattering in the weak-field limit. This conclusion is based on the fact that the
differential scattering cross section tends to depend less on the tidal-charge intensity for smaller angles, as it was shown in
Fig. 5. The same conclusion has also been obtained in the analysis of null-geodesic deflection and scalar scattering [30].
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We have compared the results for both electromagnetic and scalar waves. This comparison allow us to say that,
although being an idealist model, the scalar cross sections can mimic the electromagnetic results in some limits: middle-
to-high frequencies in the case of absorption cross sections (Fig. 2) and middle-to-low scattering angles in the case of the
differential scattering cross sections (Fig. 7).
Finally, we would like to make a parallel between the scattering cross sections presented here and their equivalents in
the Reissner-Nordström case, which were presented in Ref. [52]. Although black holes with tidal charge and Reissner-
Nordström black holes are expressed mathematically in similar ways, these systems are drastically different. Reissner-
Nordström black holes are surrounded by an electrostatic filed which is not present around the black holes analyzed
here. This accounts for a qualitative difference between the cross sections presented here and the ones for Reissner-
Nordström black holes, as in this last case the scattering carries the imprints of helicity reversion and conversion of
electromagnetic to gravitational waves [61–67]. Therefore, the electromagnetic scattering from Reissner-Nordström black
holes is characterized by nonzero flux in the backward direction, while for the case of black holes with tidal charge the
backscattered flux is exactly zero. In visual terms, this means that the glory effect, when considering electromagnetic
waves, would be seen as a bright spot in the center of concentric rings in the extreme Reissner-Nordström case [52] but
only bright concentric rings, no bright spot, in the case of black holes with tidal charge.
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